Using the fact that every worldsheet may be ruled by two copies of worldlines, a restricted version of Weyl's construction of representations of algebras is used to extend the recent classification of off-shell supermultiplets of N -extended worldline supersymmetry to usual off-shell and also unidextrous (on-the-half-shell) supermultiplets of worldsheet (p, q)-supersymmetry with no central extension. In the process, a new class of error-correcting (even-split doubly-even linear block) codes is introduced and classified for p+q ≤ 8, providing a graphical method for classification of such codes, and thereby of so-projected supermultiplets.
1. usual (ambidextrous) off-shell supermultiplets of worldsheet (p, q)-supersymmetry, and 2. unidextrous (on the half-shell) supermultiplets of worldsheet (p, q)-supersymmetry, by tensoring worldline supermultiplets, and as a restricted adaptation of Weyl's inductive construction of Lie algebra representations [34, 35] . It is gratifying to note that the lists obtained in such complementary ways in fact coincide, at least for the low enough values of p+q, where comparisons could be made by inspection. A computer-aided mechanized computation is clearly desirable, generalizing the one performed for worldline supermultiplets [10, 11, 36] .
In many cases, the resulting tensor-product Adinkras exhibit one or more Z 2 -symmetries that are encoded by esDE-codes (see Eqs. (42) for the definition): even-split refinements of the errorcorrecting (binary) doubly-even linear block (DE-)codes of Refs. [10, 11, 36] . Very much like in the case of worldline supermultiplets [10, 11] , passing to the quotient of such a Z 2 symmetry provides a new, half-sized supermultiplet, and one may do so repeatedly using mutually commuting such , and the light-cone worldsheet derivatives ∂ = | and ∂ = . On the worldsheet, the indices α and . α count "internal" (not spacetime) degrees of freedom, but may well stem from a dimensional reduction of a higher-dimensional spacetime symmetry. The defining supercommutators of these algebras are:
and all other supercommutators vanish. These generators act as first order differential operators on functions (superfields) Φ, Ψ, etc., over (1, 1|p , q)-superspace. The component fields φ := Φ|, ψ α+ := iD α+ Φ|, ψ . α− := iD .
are-up to numerical factors chosen for convenience-defined by projecting to the purely bosonic and commutative ( α ∈ {0, 1},
superderivatives of superfields. In the definitions (2) , the factor i [ [a|b] ] is included to insure that the component fields (2) projected with the operators (3) are real. We have α ,
where |a|+|b| is the Hamming weight [38] of the split binary number a|b with binary digits a 1 , . . . , a p |b 1 , . . . , b q .
Being abelian, the worldsheet Lorentz symmetry Spin(1, 1) R × (the multiplicative group of nonzero real numbers, i.e., the non-compact cousin of U (1)) has only 1-dimensional irreducible representations, upon which it acts by a multiplicative number [34, 39] . Eigenvalues of the only Lorentz generator will be called spin for simplicity. 
and we use the "±" subscripts to count spin in units of ± ; superscripts count oppositely. In addition to spin, all objects also have an engineering (mass-) dimension, such as 
A superfield is off-shell if it is subject to no worldsheet differential equation (one involving ∂ = | and/or ∂ = , but neither D α+ nor D .
α− ). If it is subject to only unidextrous worldsheet differential equations [30, 28] (involving either ∂ = | or ∂ = but not both), it is said to be on the half-shell [32] ; such superfields are not off-shell on the worldsheet in the standard field-theoretic sense, but are off-shell on a unidextrously embedded worldline and provide for features not describable otherwise [40] . A superfield, operator, expression, equation or another construct thereof will be called ambidextrous to emphasize that is not unidextrous. Following Ref. [30] , the (p, 0)-and (0, q)-supersymmetries will continue to be called unidextrous. However, one must keep in mind that the absence of D .
α− -superderivatives in (p, 0)-supersymmetry results in the absence of ∂ = -generated unidextrous worldsheet constraints; the parity-mirror analogue holds for (0, q)-supersymmetry.
Worldsheet Supermultiplets
To highlight the complexity of the classification of off-shell supermultiplets, we recall the comparatively much simpler study of multiplets of (global and local) symmetries in particle physics.
For any Lie group G, a G-multiplet is a collection of component fields which span a representation of G, i.e., within which the G-action closes. That is, each component field within the multiplet is transformed by any element of G into a linear combination of componenet fields within the multiplet. For example, a general element of the color SU(3) c symmetry group transforms any particular quark of any particular color into a linear combination of all three colors of the same quark. At any point in spacetime, the component fields in a multiplet thus span a vector space, which is a representation of the structure group: the red, blue and yellow version of a given quark form a basis for the 3-dimensional vector space of the SU(3) c representation that particle physicists denote as "3". This vector space then varies over spacetime, forming a vector bundle.
All Lie groups are products of factors that are either simple or are copies of the abelian group U (1). All simple Lie groups have an indefinite sequence of irreducible unitary finite-dimensional representations, but all of which can be constructed from only one or maybe two "fundamental" representations by means of the so-called Weyl construction [34, 35] , by: (1) tensoring, (2) "symmetrizing" in various ways 3 , and (3) subtracting "traces", i.e., contracting with invariant tensors specific to the given simple Lie group. These classification theorems rely on: (1) the existence of a "Cartan+ladder generator" basis where the Cartan generators H i unambiguously identify the ladder generators E α through the nondegenerate action [H i , E α ] = α i E α , and (2) the existence of the positive-definite Killing metric of the given simple Lie algebra, g ab := −f ac d f bd c .
However, the Killing metric defined from the structure constants of any supersymmetry algebra (without and also with central and other extensions, in any spacetime dimension and signature) tends to be degenerate and in fact vanishes completely for (1) : the action of the Cartan generators, ∂ = | , ∂ = , on all supercharges and superderivatives is maximally degenerate-all commutators vanish. For the study of off-shell representations of supersymmetry, this obstructs both the standard Liealgebraic methods and its ensuing standard and familiar classification theorems.
Weaving Worldsheets from Worldlines Within
The defining relations (1)-with all other (anti)commutators understood to vanish-clearly indicate that the worldsheet (p, q)-supersymmetry algebra is actually a direct sum of the left-and the righthanded parts α− , ∂ = },
where both Sp 1|p + and Sp 1|q − are isomorphic, respectively, to a worldline p-and q-extended supersymmetry algebra without central charges:
Therefore, all representations of Sp 1|N are also representations of Sp 3 More properly, this refers to projection on irreducible representations of the permutation group acting on the factors in the tensor product V ⊗ · · · ⊗ V of the fundamental representation V with itself. 4 Elements of R + ⊗ R − are supermultiplets that transform as the respective factors under the separate action of the two summands in Sp 1,1|p,q = Sp
− , but need not themselves factorize.
Akin to the situation with worldline supermultiplets, [10, 11] , representations (R + ⊗ R − ) of the worldsheet (p, q)-supersymmetry obtained in Construction 2.1 may have a few (k) mutually commuting Z 2 -symmetries that also commute with supersymmetry. It is then possible to construct the k-fold iterated Z 2 quotient supermultiplet, (R + ⊗ R − )/(Z 2 ) k . When any one of such Z 2 -actions involves both the D α+ -and the D .
α− , the quotient of the tensor product is not a tensor product itself; see (27) in particular, and Section 3 for the general discussion.
It should be evident that Construction 2.1 together with the iterated Z 2 -quotients represent a restricted form of Weyl's construction of algebra representations [34, 39] , tensoring only representations of the different summands in a direct sum of two algebras. This reminds, say, of the quark doublet (u L , d L ), which represents the tensor product of the fundamental irreducible representations, the 3 of color SU (3) c and the 2 of weak SU (2) L , and in fact also of the ( 1 / 2 , 0) representation of the Lorentz Spin(1, 3) SL(2, C) symmetry. Noting that the general form of Weyl's construction for supersymmetry is complicated by the fact that supersymmetry algebras include the Poincaré algebra whereby representations must, in principle, also include indefinitely high spacetime derivatives of the component fields, we defer the study of these to a later opportunity.
--By construction, R + is invariant with respect to Sp Mutatis mutandis for the parity mirror-image, Sp 1|N → Sp 1,1|p,N .
In other words, by identifying (D
, all off-shell representations of (centrally unextended) worldline N -extended supersymmetry Sp 1|N automatically extend to (centrally unextended, left-moving) unidextrous representations of (centrally unextended) ambidextrous worldsheet (N, q)-supersymmetry Sp 1,1|N,q for arbitrary q > 0: D .
. Such representations are not off-shell on the worldsheet in the standard field-theoretic sense, but are off-shell on a continuum of worldlines within the worldsheet: they are on the half-shell [32] .
Corollary 2.1 Every off-shell model with (centrally unextended) N -extended worldline supersymmetry automatically defines an (N, q)-supersymmetric worldsheet model on the half-shell, for arbitrary q > 0. Mutatis mutandis for the parity mirror-image.
In the special case of Construction 2.2 when q = 0 (p = 0), there are no D . . Mutatis mutandis for Sp 1|N → Sp 1,1|0,N .
Corollary 2.2
Every off-shell model with (centrally unextended) N -extended worldline supersymmetry automatically defines a (centrally unextended) unidextrous (N, 0)-supersymmetric worldsheet model, as well as its unidextrous (0, N )-supersymmetric parity mirror-image.
In turn, Construction 2.3 may also be regarded as a prerequisite to Construction 2.2:
Corollary 2.3 Every off-shell supermultiplet of (centrally unextended) unidextrous (N, 0)-supersymmetry given by Construction 2.3 extends to a worldsheet unidextrous supermultiplet on the half-shell of the (centrally unextended) (N, q)-supersymmetry, and for arbitrary q > 0. Mutatis mutandis for the parity mirror-image.
Note the difference between the results of constructions 2.2 and 2.3: The former produces a unidextrous representation Λ ∼ (R + ⊗ 1l) of the ambidextrous worldsheet (N, q)-supersymmetry, which then must be on the half-shell: ∂ = Λ = 0. In turn, Construction 2.3 results in a representation A ∼ R + of unidextrous (N, 0)-supersymmetry, that is off-shell: A need satisfy no particular worldsheet differential equation ere one were to select a lagrangian for it.
The products of Construction 2.3 are representations only of unidextrous (p, 0)-and (0, q)-supersymmetry, and so cannot be mixed with the products of Constructions 2.1 and 2.2 that are designed for ambidextrous (p, q)-supersymmetry. In turn, worldsheet models with ambidextrous supersymmetry, constructed with a mix of results from Constructions 2.1 and 2.2, indeed exist: Refs. [28, 29, 32, 40] discuss (2, 2)-supersymmetric models that involve both off-shell ambidextrous representations (the familiar chiral, twisted-chiral superfields and their conjugates) and unidextrous representations (leftons and rightons) on the half-shell.
Foreshadowing some of the subsequent results, these supermultiplets are presented in Table 1 .
on the half-shell lefton Table 1 : Some off-shell and on-the-half-shell supermultiplets of worldsheet (2, 2)-supersymmetry. The lefton and righton superfields may be complexified, thus doubling the number of degrees of freedom.
Some Learning Examples
For illustrative purposes, we restrict herein the otherwise general Constructions 2.1-2.3 to using only so-called adinkraic representations of (centrally undextended) worldline N -extended supersymmetry defined and explored in Refs. By contrast, in non-adinkraic supermultiplets the action of at least one supercharge on at least one component (super)field is bound to produce a linear combination of other component (super)fields and their derivatives-and there exists no (super)field redefinition that would turn the supermultiplet adinkraic. Examples of non-adinkraic worldline supermultiplets have been constructed in Ref. [10] . In spacetime supersymmetry, nontrivial Lorentz-covariance prevents many of the linear combinations of component (super)fields within a supermultiplet. While this tends to obstruct the non-adinkraic constructionsà la Ref. [10] , it also tends to obstruct compensating (super)field redefinitions. This leaves open the logical possibility that adinkraic supermultiplets do not exhaust the space of finite-dimensional unitary representations of spacetime supersymmetry.
It is thus noteworthy that Constructions 2.1-2.3 and Corollaries 2.1-2.3 and B.1 apply to all representations, adinkraic or not. For now however, we focus on adinkraic supermultiplets.
Adinkra
Supersymmetry Action Adinkra Supersymmetry Action
The edges are here labeled by the variable index I; for fixed I, they are drawn in the I th color. Table 2 : Adinkras depict supermultiplets (9) by assigning: (white/black) vertices ↔ (boson/fermion) component (super)fields; edge color/index ↔ D I ; solid/dashed edge ↔ c = ±1; nodes are placed at heights equal to the engineering dimension of the depicted component (super)field, determining λ in Eqs. (9) .
As done in [43] , we introduce a collection of otherwise intact (that is, unconstrained, ungauged, unprojected. . . ) component superfieldsà la Salam and Strathdee [44] , and correspond the supersymmetry transformations with superderivative constraint equations
where the exponent λ = 0, 1 depends on I, A, B, and the matrices L I have exactly one entry, ±1, in every row and in every column. This type of (adinkraic) supersymmetry action is then depicted using the "dictionary" provided in Table 2 . For example,
and
define two clearly distinct worldline N =2 supermultiplets.
Given the comparative brevity and ease of comprehension, supersymmetry transformation rules such as (10)-(11) will subsequently be depicted by Adinkras rather than written out explicitly, except for occasional examples to reinforce this relationship. This also permits identifying Adinkras with the supermultiplets that they depict, which is a faithful 1-1 correspondence except for a welldefined subclass where multiple Adinkras depict isomorphic supermultiplets: see the sections 3.4-3.5 for the worldsheet extension of the worldline characterization of Refs. [10, 11] .
Complex Structures: In the superdifferential systems (10)- (11) , all superfields Φ, Ψ i , F, B i , Ξ i may be chosen real, as seen by writing the superderivative action in terms of supercommutators:
In turn, note that the Adinkra (11) exhibits a twisted horizontal Z 2 -symmetry: by simultaneously swapping B 1 ↔ B 2 and Ξ 1 ↔ Ξ 2 , the D 1 (black edges) action is preserved, but the D 2 -action (red edges) flips the overall sign, depicted by swapping of the solid/dashed parity of the corresponding edges. This may be seen to depict a pair of complex structures by defining
with 6 I = ±i, so that the left-hand half of the Adinkra (11) plays the role of the real part, the righthand side the imaginary part of the new, complex component (super)fields; also, the edges entirely within the left-or right-hand side play the role of the real part, and the edges criss-crossing from one to the other side play the role of the imaginary part of the complex supersymmetry transformation:
(13b) 6 The two choices of the complex structure I = ±i only have a relative distinction.
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With this, we compute
B, and DΞ = 0, DB = 0.
In fact, owing to the very last of these results, the supermultiplet (B; Ξ) = B; (−iDB) may be considered the worldline N = 2 antichiral supermultiplet. Combining these, the N = 2 supersymmetry algebra (8) {D, D} = 0 = {D, D}, and {D, D} = 2i∂ τ (13d)
is satisfied on (B; Ξ).
Corollary 2.4 (complex structure) An Adinkra admits a conjugate pair of complex structures if it has a rendition that exhibits a twisted horizontal Z 2 Z 2 Z 2 Z 2 symmetry, whereby:
1. the intended 'real (imaginary) part' nodes are in the left-hand (right-hand) half-Adinkra, 2. the left-hand side half-Adinkra maps to the right-hand side identically, 3. edges criss-crossing from left to right map with the solid/dashed parity reversed.
Tensor Product Adinkras:
The tensor product of Adinkras refines the tensor product of graphs [45] by accounting for the fact that Adinkra nodes are bi-partitioned into bosons and fermions, drawn at a height determined by the engineering dimension, and that edges are either solid or dashed in such a way that every 2-colored quadrangle consists of an odd number of dashed edges. and solid/dashed (edge) parity in the copies of A + that replace fermionic nodes of A − ; as convenient, exaggerate the size of A − . 2. For every edge E in A − , redraw a copy of E to connect like nodes in the copies of A + that replaced the E-connected A − -nodes. 3. Revert any temporary size exaggeration from step 1 by repositioning the resulting nodes to their proper height, so all edges extend precisely one level up/down.
The reason for flipping the boson/fermion and solid/dashed parity as described in Step 1 is simple: Bosons correspond to the identity element of the Z 2 ⊂ Spin(1, 1) Lorentz group, whereas fermions correspond to its nontrivial (−1) element. Since edges represent the action of supersymmetry, between bosons and fermions, they also correspond to the nontrivial (−1) element of Z 2 ⊂ Spin(1, 1). The tensor product of a black (fermionic) node with an entire Adinkra thus necessarily flips the association with the +1/ − 1 ∈ Z 2 ⊂ Spin(1, 1) elements in that Adinkra.
To illustrate this, we now turn to construct the Adinkras depicting ambidextrous off-shell and unidextrous (on-the-half-shell) (4−q, q)-supermultiplets in this manner, for q = 0, 1, 2. 24 Adinkras form a tesseract (4-cube) and have only one equivalence class of edge-dashing: any choice solid/dashed edge parity may be obtained from any other one by judicious sign-changes in component (super)fields and horizontal rearrangement of nodes that is inconsequential to the supermultiplets depicted. These Adinkras differ from each other solely by various height-positioning of the nodes, i.e., engineering dimensions of the various component (super)fields. To save space, these 24 Adinkras are not listed herein, and the Reader is referred to tables 6 and 7 of Ref. [11] .
The remaining four N = 4 Adinkras are "half-sized" and each admits a twisted version:
twisted versions: (14) where an Adinkra differs from its twisted variant in the solid/dashed parity in edges of an odd number of colors-here the orange-colored edges. Together with the 24 described in the previous paragraph, these eight inequivalent N = 4 Adinkras add up to 32 Adinkras; together with their boson/fermion flips, the 28 N = 4 Adinkras in tables 6 and 7 of Ref. [11] therefore represent 64 inequivalent N = 4 Adinkras, all of which depict inequivalent off-shell supermultiplets of N = 4 worldline supersymmetry.
In addition, we may make use of the N = 3 Adinkras: (15) their boson/fermion flips, as well as the N = 2 Adinkras (10)- (11) , their boson/fermion flips and the N = 1 Adinkras in Table 2 . (14) and their boson/fermion flips are all "2-color decomposable" in that it takes deleting all edges of any two colors for the Adinkra to decompose into disjoint Adinkras of lower supersymmetry. By contrast, the other 48 N = 4 Adinkras are all "1-color decomposable": they decompose into two disjoint Adinkras of lower supersymmetry upon deleting the edges of any one color.
Below, we will see example Adinkras in which this n-color decomposability is not as uniform over the edge-colors. However, this quality is correlated with the fact that Adinkras that exhibit a higher n-color decomposability (corresponding to supermultiplets of smaller size) may be obtained from Adinkras of lesser n-color decomposability (corresponding to supermultiplets of larger size) by projection with respect to certain Z 2 -symmetries; these will be explored in Section 3.
Tensor Product (3,1)-Adinkras
The non-trivial aspects of Construction 2.4 are illustrated by constructing (3, 1)-Adinkras. We begin with
Step 0
Step 1 Step 2 Step 3
where we have temporarily exaggerated the size of A − in Step 1, retained the relative alignment of the nodes between Steps 1 and 2, arranging them finally at their proper heights in Step 3. Up to flipping the sign of the three right-hand side component (super)fields in the middle row and the top-most one 7 , the nodes in the Adinkra (16) depict the tesseract of superderivatives used to project component fields [28, 9] , shown in Figure 1 .
The topology of the resulting Adinkra (16) and the one in Figure 1 is by construction a tesseract, i.e., a 4-cube, being the tensor product of a usual cube and an interval (16) . The topology of an Adinkra together with a fixed edge-color assignments is called a chromotopology [10] ; an Adinkra additionally exhibits the solid/dashed parity of the edges and the height arrangement of the nodes. In addition, to represent worldsheet (p, q)-supermultiplets, the collection of edges in a (p, q)-Adinkra is also split into those corresponding to the D α+ vs. those corresponding to the D .
α− . By virtue of the evident isomorphism between the Adinkra (16) and the one in Figure 1 , the resulting (3, 1)-Adinkra (16) is easily seen to depict the supermultiplet also represented by the intact (3, 1)-superfield with component fields computed in the manner of (2). This same Adinkra also turns up in the list of Section 2.2.2, the difference being that there all edges correspond to either D α+ -action for (4, 0)-supersymmetry or to D .
α− -action in (0, 4)-supersymmetry; here, the edges of all but one (orange) color correspond to D α+ -action and edges of the fourth (orange) color correspond to D .
α− -action. To distinguish Adinkras in which such a correspondence is fixed, we have: Table 2 for more details.
Definition 2.1 An Adinkra together with the additional choices that make it depict a supermultiplet of (p, q)-supersymmetry is thus called a (p,q)-Adinkra.
The remaining (3, 1)-Adinkras obtained as tensor products of N =3 and N =1 Adinkras are:
Step 1 Step 2 Step 3 (17)
Step 1 Step 2 Step 3 (18) where the zig-zagging arrow denotes some horizontal node rearrangements,
Step 1 Step 2 Step 3 (19) and
Step 1 Step 2 Step 3 (20) We notice that the upside-down boson/fermion-flipped rendition of (17) is the same as (19) upon horizontal reshuffling of the nodes and a judicious sign-change in a couple of component (super)fields, i.e., nodes. In a simpler sense, the upside-down renditions of (16) and (20) are equivalent to the originals, and the upside-down rendition of (18) is equivalent to the boson/fermion flip of the original.
Thus, the five Adinkras (16), (17)- (20) and their boson/fermion flips represent ten inequivalent (3, 1)-Adinkras, and depict ten corresponding, inequivalent off-shell supermultiplets of worldsheet (3, 1)-supersymmetry. Swapping the roles of {D α+ , ∂ = | } and {D .
α− , ∂ = }, each (3, 1)-Adinkra may be reinterpreted as a (1, 3)-Adinkra, resulting in the depiction of ten inequivalent off-shell (1, 3)-supermultiplets.
Tensor Product (2,2)-Adinkras
Construction 2.4 is illustrated also by considering the product
The resulting Adinkra (21) is easily seen to be equivalent to (16) by changing the sign of the component (super)fields corresponding to the 2nd, 3 rd and 6 th middle-level node from the left, as well as the top-most node. Its reinterpretation from depicting an off-shell supermultiplet of (3, 1)-supersymmetry to depicting an off-shell supermultiplet of (2, 2)-supersymmetry owes to the reassignment of the blue and orange edges from D 3+ -and D − -action, respectively, in (16) 
The (2,2)-Adinkra (21) thus (also) depicts the intact off-shell supermultiplet of worldsheet (2, 2)-supersymmetry:
and also represented by the intact (2, 2)-superfield with component (super)fields projectedà la (2), by means of the tesseract of superderivatives displayed in Figure 2 . In addition to (21), Construc-
The tesseract of superderivative operators used in projecting component (super)fields of worldsheet (2, 2)-superfields. Edges are associated with the superderivatives: Table 2 for more details.
tion 2.1 also yields:
Step 1 Step 2 Step 3 (23) where the zig-zagging double-barb dashed arrow indicates additional horizontal rearrangement of nodes. Next, we have
Step 1 Step 2 (24) where
Step 3 was not necessary in this third example. Note that the (2, 2)-Adinkra (24) has the same number of nodes at the same heights as does the (2, 2)-Adinkra (23) and they depict isomorphic worldline supermultiplets. This may be seen by swapping the edge-colors corresponding to the A + ↔ A − swap, horizontally reshuffling the nodes and changing the signs of four of the white nodes in the second row from above, which swaps the solid/dashed parity of the edges incident to those nodes. However, the worldsheet supermultiplets depicted by the (2, 2)-Adinkras (23) and (24) are inequivalent: they are each other's D α+ ↔ D .
α− mirror images, via the A + ↔ A − swap. Alternatively, one may say that the equivalent worldline supermultiplets depicted by the Adinkras (23) and (24) extend to inequivalent worldsheet (2, 2)-supermultiplets. Finally, we also have
Step 1 Step 2 Step 3 (25) The chromotopology of the Adinkras (21)- (25) is the same, the 4-cube; the differences between them lie in (1) the height assignments of the nodes-the engineering dimensions of the corresponding component (super)fields, (2) the left/right splitting of the edges between (23) and (24), and (3) some sign-redefinitions of some of the nodes, i.e., component (super)fields.
Additional Structures
As mentioned above, two similar features in Adinkras are of special interest:
1. A Z 2 -symmetry, which affords projecting to a Z 2 -quotient. These are the conceptual analogues of the familiar Young symmetrization in Weyl's construction, and which is used in the familiar SU(2) projections:
2. A twisted Z 2 -symmetry, which indicates the admission of a complex structure on the depicted, a priori real supermultiplet.
Z Z Z 2 -Symmetry and Projection
The Adinkras (25) and (20) depict both different worldline supermultiplets and different worldsheet supermultiplets. In fact-unlike (20)-the Adinkra (25) exhibits a Z 2 -symmetry which is made evident as follows [33] : First, we rearrange the nodes in (25) horizontally,
then flip the sign of the component (super)fields represented by the encircled four nodes, in the (2, 2)-Adinkra obtained in the middle of (26) . Of these (2, 2)-Adinkras, the resulting one makes its Z 2 -symmetry manifest as a perfect horizontal mirror symmetry, so that its right-hand half may be identified-node-by-node and edge-by-edge-with its left-hand half: (27) resulting in a half-sized (2, 2)-Adinkra. By identifying instead the negative of each right-hand side node with its corresponding left-hand side node, the orange (left-right crisscrossing) edges flip their solid/dashed parity, and we obtain the twisted version of the half-sized (2, 2)-Adinkra:
The definite identification and naming convention was made [9] comparing with the original definitions of these worldsheet supermultiplets [46] . When depicting worldline supermultiplets, these are identical to the pair stacked second from the left in (14) .
Projected (p, q)-Adinkras such as the two depicted in (28) have a hallmark that distinguishes them from the unprojected, N -cubical ones such as (26) : 4k distinctly colored edges in every projected Adinkra form closed 4k-gons, wherein the product of signs associated with dashed edges varies with the order of the permutation of the 4k colors 8 . For example, beginning with the bottomleft-hand node in the chiral Adinkra in (28) and proceeding clockwise, there is a red-green-blueorange bow-tie shaped tetragon. Associating factors of (−1) with dashed edges, the product along this path is (+1)(−1)(+1)(+1) = −1. In the similar tetragon where we permute the colors, say in the last two edges, the red-green-orange-blue tetragon has (+1)(−1)(−1)(+1) = +1 associated with it. The same result is obtained starting from any white (bosonic) node (and ending back at it), but the opposite result is obtained when starting and ending at a black (fermionic) node-or when starting from any white (bosonic) node of the twisted-chiral Adinkra.
Being that edges are associated with the supersymmetry and superderivative action, and since these two tetragons both lead back to the same node (as do all others, in such projected Adinkras), we have that in supermultiplets depicted by projected Adinkras there exist operatorial relations such as Chiral hallmark relation:
where F = 0 for a white (bosonic) initial/final node and F = 1 for a black (fermionic) initial/final node. The color-permutation dependent sign-changes are evidently a consequence of the anticommutivity of the D's. Straightforwardly, Twisted-chiral hallmark relation:
i.e.
and the relative sign difference in the right-hand side of (29) vs. the right-hand side of (30) unambiguously detects the relative twisting-not only between the chiral and twisted chiral supermultiplets of Ref. [46] , but completely generally [9, 10] ; see also [42] , where the numerical eigenvalue of an operator closely related to the superdifferential operators on the left-hand side of (29)- (30) was defined as a character of a worldline (reduction of a) supermultiplet.
It is not difficult to verify the consistency of the (−1) F factor on the right-hand side of Eqs. (29)- (30): Suppose that the relation (29) holds when applied on a bosonic component (super)field, Φ:
Applying the twisted operator, say, on the fermion (D 1+ Φ) produces
Note that by applying the superderivatives (3) Projections of the kind (27)-and their hallmark 4k-gon relations (29) -(30)-have been explored and catalogued in Refs. [10, 11] for the worldline supermultiplets; they are adapted to worldsheet supermultiplets and explored in more detail in the next section.
Before we turn to that, considering the graphical details of the projection (27) we conclude: Corollary 2. 6 When an Adinkra is rendered so as to exhibit the literal left-right Z 2 -symmetry, the number of colors of the crisscrossing edges must be odd for the twisted variant of the projection to be inequivalent from the untwisted one.
If the crisscrossing edges came in an even number of colors, the twisting (identifying the negative of the left-hand nodes with the right-hand ones) will flip the solid/dashed parity of the edges in those even number of colors. This can always be compensated by a judicious component (super)field sign-change, whereupon all edges incident to the sign-changing nodes change their solid/dashed parity.
Complex Structure
The Adinkras (18) , (23) and (24) all depict equivalent worldline supermultiplets, but inequivalent worldsheet supermultiplets. The particular arrangement of (23) makes the horizontal twisted Z 2 -symmetry in these Adinkras obvious-as per specification in Corollary 2.4. In turn, the same structure is evident in the Adinkras (18) and (24) by the facts that:
1. the nodes and the edges of a chosen pair of colors form multiple copies of (11), 2. nodes in any such copy of (11) are connected to the nodes of any other such copy by perfectly like edges (same color, same solid/dashed parity) of the remaining colors.
When depicting worldsheet supermultiplets, the (2, 2)-Adinkras (23) and (24) are each other's
α− mirror images, whereas the Adinkra (18) depicts a (3, 1)-supermultiplet and its (1, 3)-supersymmetric mirror-pair. Using the complex basisà la (13), these Adinkras may be used to depict the supermultiplets that are also known as semi-chiral superfields [47, 48] . For the (2, 2)-Adinkras (23)- (24), this has been demonstrated explicitly [33] by reading off the supersymmetry transformation rules from the Adinkras and comparing them with the superfield results.
In the same manner, a complex structure is detected in the first and third (4, 0)-and (0, 4)-Adinkras in both their twisted and untwisted versons (14) . With a little horizontal rearrangement, this can be made evident:
where now the bottom-row Adinkras satisfy the specifications of Corollary 2.4 and may be used to depict complex supermultiplets of (4, 0)-or (0, 4)-supersymmetry. Although these are not the (2, 2)-supersymmetry originally considered in Ref. [49, 46] , we nevertheless adopt that terminology, much as it has been adopted for worldline supermultiplets in Refs. [9, 14, 10, 11, 12] .
Finally, the (2, 2)-Adinkras (28) are identical with the right-hand half of the Adinkras (33) , and so admit a conjugate pair of complex structures in just the same way. Thus, the (2, 2)-Adinkras (28) indeed depict the complex chiral and twisted chiral supermultiplets as well as their conjugates, which are also represented by the superfields of the same name, as introduced in Ref. [46] . Table 3 summarizes the results of this section. In addition, off-shell supermultiplets of worldline (N < 4)-supersymmetry readily extend to worldsheet supermultiplets on the half-shell. For example by identifying D I → D I+ and ∂ τ → ∂ = | , the two off-shell supermultiplets of (N = 2)-extended supersymmetry (10) and (11) extend to left-moving supermultiplets of worldsheet (2, q)-supersymmetry for arbitrary q > 0; these supermultiplets are on the half-shell, being annihilated by D .
Summary
α− and ∂ = . The supermultiplets (10) and (11) also extend to right-moving supermultiplets of worldsheet (p, 2)-supersymmetry for arbitrary p > 0 and are annihilated by D α+ and ∂ = | .
Completeness:
The list presented in Table 3 provides a complete list of adinkraic off-shell and onthe-half-shell supermultiplets of various worldsheet (p, q)-supersymmetries, all of which are obtained by tensoring worldline (N ≤ 4) Table 2 2 † 2.2 * These Adinkras are listed in tables 6 and 7 in Ref. [11] . † (· · · ) = = "annihilated by ∂ = " Table 3 : A list of off-shell and on-the-half-shell adinkraic supermultiplets of worldsheet (p, q)-supersymmetry constructed by tensoring supermultiplets of worldline N -extended supersymmetry.
Conjecture 2.1 (completeness)
Redundancy: While Constructions 2.1, 2.2 and 2.3 together with the projections of the kind (27) certainly generate a number of (p, q)-Adinkras and corresponding worldsheet supermultiplets, some of these may turn out to be equivalent. This phenomenon has been noted in worldline supermultiplets [11] , where a criterion for determining when that happens was also given. The phenomenon is likely to also occur amongst worldsheet supermultiplets for large enough p+q, and is clearly inherited verbatim in extensions to unidextrous (N, 0)-and (0, N )-supersymmetry. Section 3.4 explores a few examples of this phenomenon amongst (p, q)-supermultiplets; the full extent to which this equivalence of supermultiplets with distinct Adinkras also extends to ambidextrous (p, q)-supersymmetry remains an open question for now.
Supersymmetry and Error-Correcting Codes
For N ≥ 4, certain adinkraic worldline supermultiplets admit Z 2 -symmetries and corresponding projections to smaller supermultiplets-akin to the projection described in (26)- (28) . The action of such symmetries is encoded by error-detecting and error-correcting (binary) doubly even linear block codes [10, 11] , "DE-codes" for short. Herein, we explore their worldsheet analogues.
Encoding Worldsheet Supermultiplets
Since component fields within a superfield are defined using the N -cube of superderivatives such as in Figure 1 and (2), the component-wise identifications such as made in (27) must translate into identification relations among the component-defining superderivatives (3) and take the general form using the binary exponent notation (3)-(4):
where x and x have no common bit 9 : x ∧ x = 0 = y ∧ y so the relations (34) would not induce purely worldsheet differential constraints (with neither D α+ nor D .
α− ) on the component
Such operators then provide the generalization of the hallmark 4k-gon relations (29)- (30) . A few remarks are in order:
1. With engineering dimension homogeneity and Spin(1, 1)-covariance, the split binary exponents a|b fully encode the operators (35) except for the (again binary) choice of the relative sign between the two summands in (35). 2. The choice of the relative sign is called the twist, and coincides with the standard terminology such as in chiral vs. twisted-chiral superfields [46] ; see below, and Ref. [10] for the worldline variant of the statement.
We now turn to explore these to features in more detail.
Binary Encoding: Superdifferential operators such as (35) are quite familiar from the superspace formalism in 3+1-dimensional spacetime [1, 4] . These are quasi-projection operators 10 , in that they must be quasi-idempotent and mutually orthogonal:
The first of these conditions yields
which equals (i∂ = | )
|b| Π a|b ± if and only if
Direct computation yields
so that the first of the conditions (36) holds precisely if
The second condition (36) is then satisfied automatically.
In turn, for the (super)differential operators (35) to be local, |a| and |b| must both be even, so that their sum is also even. From this, we have:
That is, the binary exponent in (35) with digits a 1 , · · · , a p , b 1 , · · · , b q must be doubly-even, and also split into even (not necessarily equal ) parts:
For any desired system of identification relations (34), the corresponding system of quasi-projection operators (35) will consist of k independent 11 relations. The corresponding k split binary numbers (codewords) g i := (a|b) For worldline supermultiplets, the same abundance of sign-choices was shown to nevertheless result in only one untwisted-twisted pair of supermultiplets [10, 11] -and only in cases where the total number of supersymmetries is N = 0 (mod 4). There exist two separate types of isomorphisms that so effectively reduce the number of inequivalent sign-choices:
Outer: On the worldline-all N supersymmetry generators may be freely permuted. Graphically, all N edge-color assignments may be freely permuted. Within a given model, this operation clearly affects all supermultiplets and so is global .
Inner:
The other employs the fact that changing the sign of a particular component (super)field induces a change in the sign of each superderivative of that component (super)field. Graphically, every edge incident with the node representing the sign-changed component (super)field changes its solid/dashed parity. A judicious application of this operation alone can change the solid/dashed parity of edges of any even number of colors [10, 11] . Within a given model, this operation may be performed on any one supermultiplet at a time and so is local to a supermultiplet.
Within worldsheet (p, q)-supersymmetry, any permutation of supersymmetry generators must preserve Lorentz Spin(1, 1)-covariance: the D α+ may be permuted freely amongst themselves, as may the D .
α− , but there can exist no permutation that would mix the D a+ with the D .
α− . This restriction on the possible outer equivalence isomorphisms between the 2 k sign-choices in (35) may well, in general, prevent of transforming one (un)twisted projected supermultiplet into another.
In turn, however, the inner equivalence isomorphisms within worldsheet with (p, q)-supersymmetry remain as free as they are within worldsheet supersymmetry, leading thus to the same conclusion as in Refs. [10, 11] : Corollary 3.2 Only in case of p+q = 0 mod 4 and only for Z 2 -projected supermultiplets does twisting produce inequivalent classes of supermultiplets, and precisely two of them. Their Adinkras differ in the solid/dashed parity of edges of an odd number of colors.
Extending from Worldline to Worldsheet: The above results may be rephrased in terms of extending the worldline constructions and classification of adinkraic off-shell supermultiplets in Ref. [10, 11, 12] to worldsheet supersymmetry as follows. Let C be a DE [N ; k]-code, that is, a collection of N -digit binary numbers that are all:
1. doubly even (the sum of digits is divisible by 4), 2. closed under bitwise binary addition ( , i.e., Xor), 3. binary linear combinations of some k generators.
The ambidextrous extension of C and its use in projecting worldsheet supermultiplets-as was the case in (27)-requires that we split the N worldline supersymmetries into p left-moving and q = (N −p) right-moving supersymmetries in such a way that the corresponding left portion and the right portion of each codeword in C is even. It follows that both the left and the right portions of the codewords separately form (simply) even binary linear block codes. Such a splitting
may turn out to be: (1) impossible, (2) unique, or (3) multiple, for any given [N ; k]-code and any desired extension Sp
Consider now the special case of (35), when b = 0:
These quasi-projection operators are evidently the unidextrous {D I , ∂ τ } → {D α+ , ∂ = | } extension mapping of the worldline quasi-projection operators employed in Ref. [10, 11, 12] . Thereby, the classification therein translates verbatim into a classification of one of the following two:
1. Ambidextrous supermultiplets of unidextrous worldsheet (N, 0)-supersymmetry, where there exist no D .
α− -superderivatives, so that annihilation by ∂ = is not implied and such supermultiplets are free to be off-shell. Such supermultiplets are constructed by means of projecting the result of Construction 2.3 using the quasi-projection operators (44). 2. Unidextrous supermultiplets of ambidextrous worldsheet (N, q)-supersymmetry are constructed by means of projecting the result of Construction 2.2 using the quasi-projection operators (44), and for arbitrary q. Such supermultiplets are annihilated by the D .
α− -superderivatives and therefore also by ∂ = , and so are on the half-shell .
The parity mirror-images of these constructions are evidently obtained by means of the unidextrous
α− , ∂ = } extension mapping instead. 22
Supermultiplet Reduction
While quasi-projection operators (35) permit reading off the esDE code, the complete and strict identifications that hold on a projected supermultiplet are not generated by the quasi-projectors (35), but by self-duality type relations of the form (34) , where n ± , n ± have been chosen to be minimal, typically zero. This subtlety has been detected already for worldline supermultiplets [12] , and becomes only more prominent for worldsheet supermultiplets. We thus have: Definition 3.1 Let an even-split doubly even code C | be generated by k generators (a|b) i , with i = 1, · · · , k. Then, to each generator (a|b) i i = 1, · · · , k there corresponds a system of "selfduality" superderivative operators
where the indices α, β, . . . range over those values at which positions the binary number a has 1's, and the range of values for
β, . . . is similarly determined by the 1's in b; see, e.g., (48) .
To see the need for the operators (45), consider the example (29) , rewritten in lexicographic order: Applying D 1+ from the left 12 , we obtain
Applying now D 1− produces:
Of these conditions, (46) is vacuous on right-moving functions on the worldsheet, and (47) is vacuous on harmonic functions. Thus, attempting to reduce a supermultiplet by imposing the hallmark quasi-projections (29) would not result in a proper off-shell supermultiplet, being defined only up to fully unrestricted unidextrous and harmonic summands in many of its component (super)fields.
Following [12] , the necessary proper conditions are then generated from the "self-duality" relations (45) . For the d 2,2 even-split doubly even code, which has a single generator, 11|11, the "self-duality" operators are:
meaning that these operators annihilate component (super)fields in any d 2,2 -projected supermultiplet. Applying D 1+ and then D 1− on the first of these then results
the vanishing of which is equivalent to (29) . Similar manipulations show that the two operatorial relations (48) are both mutually consistent and consistent with (29) .
Applying the relations (48) on the supermultiplet (22) to reduce it does produce an off-shell supermultiplet, albeit in a rather unexpected way. The operators (48) evidently produce identification relations within (22) only from the middle level upward. To be precise, by applying one superderivative from left at a time, the generating relations Σ produce:
These identifications may be traced to be body-diagonal within the Adinkra ( 
These identifications are depicted in Figure 3 . In the second, cut Adinkra, the highlighted 4 th and 6 th (previously) middle-level nodes from the left change signs, whereupon the incident edges change their solid/dashed parity as shown in the third Adinkra. Upon this, the 4 th and 5 th node from left in this row are identified with the 3 rd and 2 nd node, respectively.
The 1 st and the 6 th (previously) middle-level nodes are shown grayed as they are related by a worldsheet differential condition, rendering both of them a derivative of a boson which is in the final, right-most rendition represented at the bottom level, and labeled "f ". Thus, part of the selfduality type relations (48) in effect imply not an identification of two component (super)fields with each other, but with worldsheet derivatives of a new component (super)field of lower engineering dimension; this is depicted by the simultaneous (1) fusion of two nodes and (2) lowering of the resulting node. Therefore, imposing
on the intact supermultiplet (22) is necessary and sufficient: it generates all the requisite relationships between the component superfields so as to reduce the off-shell supermultiplet (22) into
Upon flipping the signs of Ψ 2− , F 11 and F 12 in the twisted chiral Adinkra, and of F 11 and F 12 in the chiral Adinkra, these become identical to those shown in (28).
In the analogous worldline construction, there exist three self-duality type relations,
, and
With the mapping
would violate Spin(1, 1) Lorentz symmetry, and so cannot be used. Nevertheless, as the analysis (48)- (53) shows, the remaining self-duality type constraints that are Spin(1, 1)-covariant do in fact generate precisely the required identifications to reduce the intact off-shell supermultiplet (22) to a "half-size" off-shell projection (53). It seems reasonable to expect that this generalizes to all esDE codes: Conjecture 3.1 Given an esDE code C | with k generators, the corresponding maximal set of linearly independent and Spin(1, 1)-covariant self-duality type relations-as given in (34) and with minimal n ± , n ± -reduce the intact supermultiplet to one of its 2 −k -sized C | -encoded (Z 2 ) kquotients, together with requisite instances of "node-lowering," as in (51). V int.
(56)
The quotient V int. /κ(M tch. ) is well known to represent the 1-dimensional dimensional reduction of the off-shell vector supermultiplet of simple (N = 1) supersymmetry in (3+1)-dimensional spacetime, and in the Wess-Zumino gauge [12] .
However, in stark contrast with this worldline result, the worldsheet off-shell supermultiplet obtained by reducing a supermultiplet by means of imposing self-duality constraints of the type (45) need not be a strict sub-supermultiplet of the initial off-shell supermultiplet, in the sense of the definition [11] . It is evident from considering the initial and final Adinkra in Figure 3 , that the mapping from the reduced (twisted chiral) supermultiplet to the intact supermultiplet
is local, but its inverse, shown in Figure 3 is not. The quotient M int. /κ(M tch. ) is then evidently not an off-shell supermultiplet, the mapping κ is not a strict homomorphism of off-shell supermultiplets, and M tch. ⊂ M int. .
Some Low-(p, q) Split Codes
We consider some of the lower values of p+q, and the possible extension of the worldline supermultiplet projections to their analogue within worldsheet (p, q)-supersymmetry. The 4k-gon graphical method of Ref. [14] may be adapted to determine the possible ways of splitting the DE codes, and the result for p+q ≤ 8 is shown in Figure 4 .
Maximal Projections: Already the p+q ≤ 8 listing, presented graphically in Figure 4 and detailed below, reveals a feature of maximal esDE codes that is unlike the maximal DE codes as used in Refs. [10, 11, 12] 
The superderivatives corresponding to a few codes are shown directly beneath the graphical representation of the code. These define quasiprojectors (35) and so also the "self-duality" relations (45). In constrast, Figure 4 and the listing (68)-(72) below show that the number of generators in maximal esDE codes varies for a fixed p+q, and depends on the (p, q)-split. In particular, for a specified (p, q)-supersymmetry, there exist maximal esDE codes which are not a split of a maximal DE code, but of a sub-code. Consequently, the total dimension of a minimal, C | -projected off-shell worldsheet supermultiplet is on several occasions strictly larger than 2 p+q−κ(p+q) .
Decomposing: In the projection (27) , the graph identification may be taken to either identify the corresponding component (super)fields on the left-hand half with the component (super)fields on the right-hand half, or the negatives thereof. The two resulting "half-sized" supermultiplets are distinct-see (65) below. In general, the so-obtained "half-sized" supermultiplets may in fact be inequivalent as (65) are, or may turn out to be equivalent through a redefinition of the basis for the component (super)fields and/or the superderivatives, i.e., the supersymmetry generators. For worldline supersymmetry, Ref. [11] provides an algorithm to resolve this question on a case-bycase basis; this may have to be revised for application to supermultiplets of worldsheet (p, q)-supersymmetry with p, q = 0.
Indeed, a supermultiplet that can be so projected to two "half-sized" supermultiplets is said to be decomposable, and (27) demonstrates that this is equally possible for worldsheet supermultiplets. See the Appendix for the details of this decomposition.
We now read the esDE codes from the graphics in Fig. 4 in turn, and discuss the implications for worldsheet supermultiplets, and so provide a listing of them for worldsheet (p, q)-supersymmetry with p+q ≤ 8, employing to the above-derive constraints. 
or, equivalently, by the systems
Stated another way, on any of the components of a d 4,0 -projected supermultiplet, the action of
This then imposes component (super)field identifications of the type
The 
Stated another way, on any of the components of a d 2,2 -projected supermultiplet-such as (28) i.e., (53), the action of
This then imposes component (super)field identifications of the type
The (2, 2)-Adinkra (28) depicts such multiplets. As discussed in Ref. [11] and above, this graph admits a "twist," whereby the solid/dashed parity assignments of the edges of an 2. the fifth edge-color and A 2 depict either the D 5+ -or the D 1− -action for either the unidextrous (5, 0)-or the ambidextrous (4, 1)-supersymmetry, respectively.
In the third case, d 2,2 ⊕ t 1,0 for (3, 2)-supersymmetry, A 1 depicts a representation of Sp
(could be any one of the Adinkras (21), (23), (24), (28) Lastly, any off-shell supermultiplet of the unidextrous (5, 0)-supersymmetry may always be extended to a left-moving (unidextrous) supermultiplet of the ambidextrous worldsheet (5, q)-supersymmetry, for arbitrary q; all such supermultiplets are on the half-shell, i.e., are annihilated by ∂ = . As this can always be done with off-shell representations of (p, 0)-and (0, q)-supersymmetry, it will no longer be pointed out explicitly.
Thus, minimal supermultiplets of (p, 5−p)-supersymmetry all have 8+8 components, for all choices 0 ≤ p ≤ 5. Recall however that there do exist adinkraic supermultiplets with 16 bosonic and 16 fermionic component (super)fields that do not decompose into direct sums of minimal supermultiplets, the prime example being the straightforward, (p, 5−p)-supersymmetric generalization of (21).
It is quite evident that the resulting Adinkra (67) is 1-color-decomposable, since deleting the purple, D 3− -edges decomposes the Adinkra. However, when deleting edges of any color other than the fifth one (purple), one must delete edges of two colors for the Adinkra to decompose-since the the factor-Adinkra A 1 is 2-color-decomposable. Maximal Code: For illustration, a minimal d 3,3 -projected off-shell supermultiplet of worldsheet (3, 3)-supersymmetry may be constructed by decomposing, in the manner of (27) , the tensor product of two N = 3 valises:
Since the d 3,3 code has two generators, the "/d 3,3 " annotation denotes a d 3,3 -encoded (Z 2 ) 2 -quotient, which reduces the (4|4) ⊗ (4|4) = (16|32|16)-dimensional tensor product (3, 3)-Adinkra (not shown in (69)) to the (4|8|4)-dimensional one shown. Conceptually, this is the (3, 3) -supersymmetric generalization of the (2, 2)-supersymmetric construction (25)- (28) . The analogous d 4,2 -quotient (4, 2)-supermultiplet is obtained in a similar way:
Note that the left-hand factor in the tensor product is already a d 4,0 -quotient, so that this subcode d 4,0 ⊂ d 6,2 acts trivially when passing to the final result in (70).
Clearly, there exist many (16 + 16)-and (32 + 32)-dimensional representations which do not exhibit two commuting Z 2 -symmetries-because of the vertical positioning of the nodes-so as to be so decomposed. The simplest example is the intact supermultiplets, which are the straightforward, (p, 6−p)-supersymmetric generalizations of (21) . These supermultiplets are reducible, in that they may be reduced to smaller supermultiplets by means of (now two mutually commuting sets of) self-dual type relations such as (45) and akin to the procedure shown in Figure 3 . These smaller, reduced supermultiplets always have a higher n-color-decomposability than the bigger ones, prior to the reduction. Minimal Dim.:
Recall that there do exist adinkraic supermultiplets with up to 64 bosonic and 64 fermionic component (super)fields that do not decompose into direct sums of minimal supermultiplets. The simplest example is the intact supermultiplets, which are the straightforward, (p, 7−p)-supersymmetric generalizations of (21) . These supermultiplets can be reduced by means of the self-duality type equations such as (45) . (8, 0) (7, 1) (6, 2) (5, 3) (4, 4)
Maximal Code: 
For illustration, a minimal e 4,4 -projected off-shell supermultiplet of worldsheet (4, 4)-supersymmetry may be constructed by decomposing, in the manner of (27) , the tensor product of two N = 4 valises:
Since the e 4,4 code has four generators, the "/e 4,4 " quotient denotes a e 4,4 -encoded (Z 2 ) 4 -quotient. However, both factors in the tensor product are already d 4,0 ,-i.e., d 0,4 -quotients, respectively. These subcodes It is worth noting that in the Adinkra (73), the factor A + is chiral and A − is twisted-chiral, as can be verified by checking the hallmark 4k-gon relations (29) As before, there exist adinkraic supermultiplets with up to 128 bosonic and 128 fermionic component (super)fields that do not decompose into direct sums of minimal supermultiplets, the prime example being the intact supermultiplet, which is the straightforward, (p, 8−p)-supersymmetric generalization of (21) . These supermultiplets can be reduced by means of the self-duality type equations such as (45) . As before, iterated Z 2 -projection increases n-color-decomposability, and it is not hard to see that the end result in (73) is 4-color-decomposable. It has been a long-suspected property of certain lower-supersymmetric systems that they always and automatically admit certain higher supersymmetries. For example, Ref. [50] recently found that (N = 5)-supersymmetric models on the worldline constructed with certain supermultiplets are always in fact fully (N = 8)-supersymmetric, to which end thousands of candidate Lagrangian counter-terms had to be checked.
A similar and in fact quite a bit broader conclusion can be drawn from the comparison of (70) with (73)-without ever constructing a Lagrangian! It is evident from the projected tensor structure of both (70) and (73) that the only possible rearrangements of the heights of the nodes in these supermultiplets that avoids the obstruction discussed in Ref. [33] always yield supermultiplets that are either equivalent to (70) and (73), respectively, or their boson/fermion flips. Consider now any (N = 6)-supersymmetric Lagrangian constructed from any arbitrary number of supermultiplets of the type (70). Including the 7 th and 8 th supersymmetry does not change the sink -and sourcesubsets [9] of nodes in these supermultiplets, nor does this change the effective symmetries of these supermultiplets, detected in the manner discussed in Ref. [43] . It then follows: In fact, the same pertains to (4, q)-supersymmetric models with q = 1, 2, 3 using off-shell supermultiplets depicted by the Adinkras: Ref. [11] shows that worldline supermultiplets with different chromotopology may nevertheless be equivalent, and provides both a criterion for this to happen and an explicit isomorphism. Whereas this type of equivalence evidently extends to chiral worldsheet (N, 0)-and (0, N )-supersymmetry, it is nontrivial to deterimine under what circumstances-and if at all-this type of equivalence can extend to ambidextrous worldsheet (p, q)-supersymmetry.
As an example, consider the worldsheet (8, 2)-supermultiplets with the chromotopology
where t 0,2 = 0 is the trivial code of length 2, i.e., 00. The explicit proof of the supermultiplet equivalence [11] starts with so-called valise supermultiplets, which are in 1-1 correspondence with the known representations of Clifford algebras. Since in such Adinkras all bosonic nodes are on one level and all fermionic on another level, any attempt at an extension to any ambidextrous worldsheet supersymmetry would be ruled out by the twin theorems of Ref. [33] and the consequent extension criterion. Furthermore, we also have that
is a left-right tensor product worldsheet representation as obtained in Construction 2.1, whereas I 8,2 /d 8,2 is not, making an isomorphism unlikely. Nevertheless, in view of the somewhat surprising equivalence mapping discovered in Ref. [11] , it behoves to explore this a little further. First, akin to (25), we construct
where generators of the e 8 code in the left factor are found by tracing (closed) hallmark 4-color tetragons; a convenient basis is given by: e 8,0 ⊕ t 0,2 = e 8,0 = 1100 1100 00 0110 0110 00 0011 0011 00 1111 0000 00
and the product results in
where the e 8 code encodes relations entirely amongst the D α+ .
On the other hand, I (48) . Thus, we can construct
and then impose that final, mixed relation to obtain
in direct analogy with (69), (70) and (73) 
where the subcode relationship is easily spotted by comparing the 4k-gon diagrams at the far ends. A final, fourth closed hallmark 4-color tetragon may be found in (82) to correspond to 10001000|11, thus giving a convenient basis
1100 1100 00 0110 0110 00 0011 0011 00 0001 0001 11
Again, the relationship between e 8,0 , d 8,2 and the common subcode d 8,0 ⊕ t 0,2 is easily spotted on comparing the 4k-gon diagrams in (83) and (84). In terms of superderivatives, we have that
so that the two are seen to differ only in the fourth generating hallmark superderivative relation, depicted in blue in the 4k-gon diagrams (83) and (84).
The isomorphism between (80) and (82) 
where, say, (D 1+ ) −1 indicates following D 1+ "in reverse," i.e., finding the pre-image of D 1+ . That is (D 1+ ) −1 φ denotes the component (super)field-or a linear combination thereof-upon which the application of D 1+ produces φ. The powers in the definition (86) are chosen depending on the component (super)field upon which the operator is acting, and so that the path of the corresponding edges remains in the given Adinkra.
For example, if we start with the leftmost lower node, applying D 1111 0000|00 one factor at a time, we identify the highlighted path:
Notice that the initial and the final node are at the same height, i.e., the corresponding component generate a hallmark 4k-gon relation, and so will be depicted by the Adinkra (82).
--
The necessary and sufficient criterion to determine if two worldline Adinkras depict isomorphic supermultiplets involves the definition of the "node choice group" (NCG) [11] . This is the symmetry generated by the horizontal permutations of nodes that result in the same Adinkra. NCG is encoded by the binary exponents of the formal D-monomials required to connect the component (super)fields which correspond to the permuted nodes, and these exponents form a binary (not necessarily doubly) even linear block code, N . For two Adinkras A 1 I N /C 1 and A 2 I N /C 2 to depict isomorphic supermultiplets supermultiplets, it is necessary and sufficient for both adinkras must have the same NCG encoded by N , and that C 1 ⊂ N as well as C 2 ⊂ N .
Clearly, this criterion translates to worldsheet Adinkras, but the NCG is now encoded by a split binary (not necessarily doubly) even linear block code. Thereupon, the criterion is virtually the same: Corollary 3. 4 Let H | denote the split even linear block code encoding the horizontal permutation of nodes in a given worldsheet Adinkra, and let two Adinkras, A i , have the split chromotopology I p,q /C | i , i = 1, 2. They depict supermultiplets that are isomorphic, and by (super)field redefinitions only, precisely if:
1. both Adinkras have the same node choice group of symmetries, encoded by H | , and 2. both
Worldsheet Adinkra Degeneracy 2
Whereas section 3.4 shows that there exist inequivalent Adinkras that nevertheless depict equivalent worldsheet supermultiplets, we now show that some DE codes have more than one inequivalent splits. Consequently, an Adinkra with the chromotopology I N /C may be used to depict two inequivalent worldsheet supermultiplets, one with the split chromotopology I p,q /C | 1 the other with
The simplest example is constructed from splitting the d 8 code in two distinct ways, as shown for example the two worldsheet supermultiplets depicted by the Adinkra in vs.
1111 0000 0011 1100 0000 1111
which suggests reordering 
which makes the middle generator, 0110|0110, common to both. In addition, the -sum of the first and the third generator in both codes, 1111|1111, is also a common codeword and may itself be used as a generator. In both d 4,4 and d 4,4 , one more codeword is needed to act as the third generator, the requirement being only that it be linearly independent 14 from the common generators 0110|0110 and 1111|1111. To this end, we may well use the bases 
which now has a single differing generator, and is in this respect in the same situation as were e 8,0 and d 8,2 in (85). We then start from a particular component (super)field, φ, in a d 4,4 -projected supermultiplet and apply the superdifferential operator D 0000|1111 encoded by the differing generator from d 4,4 in such a way that the result has the same spin as the initial field, and define:
Using either of φ ± as a starting point, we reconstruct the remainder of the supermultiplet by applying all superdifferential operators from the (4, 4)-basis (3). In the Adinkra depicting the so reconstructed supermultiplet, the hallmark 4k-gon relations encoded by the esDE-code d 4,4 will all trace closed hallmark 4k-gons, rather than the ones encoded by d 4,4 and which were closed before the component (super)field basis redefinition started with (95).
We have thus constructed an isomorphism between the component (super)field basis for the supermultiplet depicted by the d 4,4 -projected Adinkra to the component (super)field basis for the supermultiplet depicted by the d 4,4 -projected Adinkra, proving that the two are merely two distinct bases for the same supermultiplet.
A few comments are in order: First, the esDE-codes d 4,4 and d 4, 4 are not maximal esDE-codes: they are both distinct sub-codes of the e 4,4 esDE-code, as shown in the display (91) and the subsequent text. One may suspect that the above isomorphism is in fact due to this non-maximality, and dismiss the distinction d 4,4 = d 4,4 as irrelevant for constructing supermultiplets that are not equivalent by (super)field redefinitions.
However, there do exist maximal esDE-codes that are inequivalent even-splits of the same DE- (97) corresponding in turn to the green, yellow+blue and red+magenta 4k-gons on both sides. Let D 1 , D 2 be the formal superderivative operators corresponding to two generators of d 6, 6 that are not in d 6, 6 , and D 1 , D 2 be the formal superderivative operators corresponding to two generators of d 6, 6 that are not in d 6, 6 . The supermultiplet isomorphism is then constructed by starting with φ a component (super)field from a d 6,6 -projected supermultiplet, identifying
with a starting component (super)field in the new basis, and reconstructing the remainder of the supermultiplet by acting with the (6, 6)-superderivatives (3) upon φ . In the so-constructed basis and starting with any (new) component (super)field, both D 1 and D 2 will sweep out closed hallmark 4k-gons; therefore, the Adinkra depicting this new basis for the d 6,6 -projected supermultiplet will have the topology of I 6,6 /d 6,6 rather than I 6,6 /d 6,6 from which we started. This then constructs the isomorphism between the d 6,6 -projected supermultiplet and the d 6,6 -projected one.
We have thus demonstrated that there exist DE-codes that have inequivalent esDE-code splits, and some of which are maximal, but that the Adinkras projected by at least some of those inequivalent esDE-code splits of DE-codes in fact depict isomorphic supermultiplets.
As the number for inequivalent esDE-codes grows combinatorially with (p, q), a computer-aided listing of the type done for DE-codes [10, 11, 36] is clearly necessary for their classification, and for a consequent classification of all off-shell supermultiplets of worldline (p, q)-supersymmetry, e.g. for p+q ≤ 32, which limit is expected from M -theory considerations [27] .
left-and right-moving worldline supermultiplets. A complete listing of such supermultiplets for p+q ≤ 8 is given in Section 3.3. 2. Generalizing the situation with worldline supermultiplets, certain worldsheet off-shell supermultiplets decompose into a direct sum of two half-sized sized supermultiplets, while others reduce to half-sized supermultiplets. Some worldsheet supermultiplets admit multiple iterated such Z 2 -decompositions and reductions and this is encoded by even-split doubly even linear block codes, which are discussed and classified for p + q ≤ 8 in Section 3 and depicted in Figure 4 . Such decompositions and reductions produce the minimal supermultiplets for given (p, q)-supersymmetry. 3. Corollary 2.4 identifies a type of twisted Z 2 -symmetry that signals the existence of a complex structure. Section 2.3.2 verifies this amongs off-shell worldsheet (p, q)-supermultiplets for p+q = 4. 4. Sections 3.4 demonstrates that some worldsheet supermultiplets depicted by topologically inequivalent Adinkras are nevertheless equivalent, by adapting the analogous worldline supermultiplet isomorphism of Ref. [10] . Corollary 3.4 specifies the appropriate conditions for this isomorphism. 5. In turn, Section 3.5 constructs inequivalent splits of the same doubly even linear block code, producing inequivalent esDE-codes, and whereby the same (p, q)-Adinkra is made to depict distinct worldsheet supermultiplets. 6. At least for some of the cases where the same (p, q)-Adinkra depicts distinct supermultiplets since the respective esDE-codes are inequivalent even-splits of the same DE-code, Section 3.5 also constructs an isomorphism between the corresponding supermultiplets. This too is an adaptation of the worldline supermultiplet isomorphism of Ref. [10] . 7. Ref. [33] observes that, as a necessary avoidance of the obstruction defined for its "twin theorems 2.1 and 2.2", ambidextrous off-shell supermultiplets of ambidextrous supersymmetry must have at least three levels 15 , i.e., their component (super)fields must have at least three distinct, adjacent engineering dimensions [18, 9] . Herein, we see this to follow as an elementary consequence of Adinkra tensor products, as defined in Constructions 2.1 and 2.4, and exemplified in Sections 2.2.3 and 2.2.4; for and ambidextrous supersymmetry, p = 0 = q and R + = 1l = R − in these constructions. Since the minimal level of R ± = 1l is two, the minimal level of (R + ⊗ R − )/C | cannot, by construction, be less than three; see (25) - (28) for a simple illustration.
Owing to the combinatorial growth of these tasks with p+q, a mechanization of the methods presented herein would be welcome, perhaps in synergy with those reported in Ref. [33] , so as to extend the classification of worldsheet supermultiplets beyond p+q ≤ 8 through p+q ≤ 32. To help with translating the Adinkra manipulations that turn (21) into (26) and then this into (27) , let us revisit the same depictions, but annotated with corresponding superderivatives, as taken from (2) . To save space, we use the binary exponent notation (3), modified so as to absorb ∂ = | and ∂ = factors, so for example
We start with (2) and define a supermultiplet depicted by the Adinkras in (26) 
The maneuver indicated by the lilac dashed arrow resembles "node raising" of Refs. [9, 14, 10, 11] . However, since individual nodes of an Adinkra cannot be raised if it is to continue depicting an off-shell worldsheet (p, q)-supermultiplet with p, q = 0 [33] , the indicated sub-Adinkra is the minimal contiguous portion that can be consistently raised. The maneuver depicts the consequence of defining a superfield Ψ .
α− to be a superderivative of an intact superfield Φ: the highlighted component (super)fields of Ψ .
α− (on the right) are identified with the ∂ = -derivatives of the highlighted component (super)fields of Φ (on the left).
where the tilde on F α .
α denotes the sign-changes performed in (102) . The horizontal (literal) mirror identifications across the vertical divide indicated in (27) 
and padded with appropriate ∂ = | -and ∂ = -factors in the middle and top row to match the engineering dimension and spin. Note that the particular assignment of superderivatives to the Adinkra nodes (103) is the only one (up to sign-changes) that permits the horizontal (literal) mirror symmetry of the Adinkra to reflect in the superderivatives.
Thus, the formal identifications in (27) imply that, when acting on the components of the mirror-identified "half-sized" supermultiplets, the superderivatives satisfy relations such as
fully consistent with (62).
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We may thus define a supermultiplet in terms of an Adinkra of intact superfields: 
where, directly generalizing (10)- (11), the edges specify the superdifferential relations:
and so on for a total of 64 relations; The projection (27) is then seen as the imposition of one of the (anti-)self-duality constraints:
The corresponding projection relations between the Ψ's and Ξ's, and the Z's then follow by combining (108) and (106). Each of the sign-choices in (108) reduces the number of independent component (super)fields in {Y; Ψ, Ξ; Z} by a factor of two, and the two possible sign-choices produce the supermultiplets
as depicted in (28); the particular linear combinations of the Ψ's and Ξ's, and the Z's that were omitted are recovered by comparing the notation defined by (106) with the operators (103).
The supermultiplet (106) decomposes into a direct sum of the chiral and twisted-chiral supermultiplets (28) . In turn, the supermultiplet (22) is not decomposable, but may be reduced to either the chiral or the twisted-chiral supermultiplet; see (48)-(53) and Figure 3 . In retrospect, the fact that the sequence of transformations (100)-(103) is local in one direction but not in the other indicates the inequivalence of the non-decomposable (22) and the decomposable (106).
B Solving Superdifferential Relations
Since the superfields {Y α+ . 
